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Affine Lie algebras
g a simple finite-dimensional Lie algebra

Loop algebra § = g ® C[t, t71], with the Lie bracket
[X ® tn’y ® tm] — [X’ y] ® thrn

Non-twisted affine Kac-Moody algebra is the universal central
extension g = § ® Cc @ Cd,
[x@t"y @ t"] =[x, y] @ """ + n(x, y)dntmoc,

§ — § degree derivation, d(x ® t") = n(x ® t"), d(c) =0

d:
6 =h®c Cl® Cc @ Cd Cartan subalgebra



Borel and parabolic subalgebras

© A subset P C A is a quase partition if:

a) PN(=P)=0and PU(-P)=A

b) Let Bp a Lie subalgebra of g generated by H and the root spaces
o With a € P. Then for any root o of Bp we have a € P

o Bp describes (almost all) Borel subalgebras of g. There exists a
finite number conjugacy classes, (roughly) parameterized by the
parabolic subalgebras of g (Jacobsen-Kac; VF)

Example
e standard Borel subalgebra with the partition P = AT
e natural Borel subalgebra B,; with the partition

Puat = {a + kéla € AT (g), k € Z} U {nd|n > 0}

e each function ¢ : N — Z; defines a Borel subalgebra Bfat with
quase partition {a + kd|a € AT, k € Z}U
{nd | neN,¢p(n)=1}U{—md | me N, ¢(m) =0}



Closed partitions in sy

Standard partition:

) —ag ar a1 +6 a1 +20 a;+30
—26 - 1) 20 30

—a;—20 —a1—90 —oq g ag+0  ap+20



Closed partitions in sl

Standard partition:
—ag— 9 —ag a
-20 -0
—a;—20 —a1—90 —oq
Natural partition:
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o A closed subset P C A such that P U (—P) = A defines a
parabolic subalgebra P C g

o A parabolic subalgebra P C g contains a Borel subalgebra:

a) type | (contains the standard Borel):
P = [&® u, where [ is finite-dimensional reductive Lie algebra;

b) type Il (contains one of Borel subalgebras BY,,):
P = [P u, where [ is infinite-dimensional Lie subalgebra



Parabolic induction
© Borel subalgebra B ~» Verma type module

Mg(A) = U(g) ®us) C

¢ Parabolic subalgebra P ~~ generalized Verma type module

Mp(N) = U(g) ®uycpy N

Theorem (F., Kashuba et al, 2016-2023)

Let P C g be a parabolic subalgebra of type Il, N is a nice simple
P-module with ¢ # 0 Then Mp(N) is a simple g-module



Imaginary Verma modules
For the natural closed partition
S={a+nélac A*(g),nc Z} U {ké|k > 0}

consider the following subalgebras of §: g+(S) = > s 0+a-
For example, for g = s/(2) we have

k
» g.(S) is the subalgebra generated by e(k) = (g t0> (k €Z) and

t 0

h(l):(o _t,),(/eZ>o).
0 0

» g_(S) is the subalgebra generated by f(k) = (tk O)’ (k €2) and

h(=1) = <t; 0_,), (I € Zso),

—t

g=0-(S)®hag.(S),
and

U(8) = U(a—(5)) ® U(h) ® U(g+(5))



A U(g)-module V is called a weight module if V = & V,., where

peh*
Vi={veV]|h-v=up(h)v,c-v=p(c)v,d -v=pu(dv}

A U(§)-module V is called an S-highest weight module with highest weight X if
there is a non-zero vy € V such that

> ut vy =0 forall ut € g (S)\C",

> h-vy=Ah)va, c-va=A(C)va, d-va = A(d)va,

> V= U@) v = U(a-(5)) - .
For A € b, let Is(\) denote the ideal of U(EI/(E)) generated by e(k) (k € Z),
h(l) (I > 0), h—X(h)1, ¢ — A(c)1, d — X\(d)1. Then the imaginary Verma

—

module of s[(2) with highest weight X is defined as

Ms(X) = U(s1(2))/Is())



Theorem

(i) Ms(X) is a U(g—(S))-free module of rank 1 generated by the S-highest
weight vector 1 ® 1 of weight A.

(i) dim Ms(A)x = 1; 0 < dim Ms(X)x—ks < oo for any integer k > 0; if

i # A — ké for any integer k > 0 and Ms(\), # 0, then dim M(X\), = oo.

(iii) Ms(\) has a unique maximal submodule.

(iv) Ms(X) is irreducible if and only if A(c) # 0.

(v) Let A(c) = 0 then (U(3_,cz (0} ks ® Cc) \ {C}) - 1 is a proper submodule
of Ms()\). Moreover, it is maximal if and only of A(h) # 0






U(g)

g qg—1 g—deformation
'\’\’\’\'\'\

q(9)

Let RepUq(g) be the category of finite-dimensional Ug(g)-modules
RepUg-1(9) RepUg-1(g)
K W
RepUq(9)

y \qxotof unity
Kashiwara's RepU.(g

Crystal Basis



e Recall that a simple weight Harish-Chandra g-module V

(dim V), < oo for any A € h*) which cannot be induced from a
module over any proper parabolic subalgebra of g is called cuspidal.
It is known that such modules exist only when g consists of simple
components of type A or type C.

Theorem (F-Tsylke, 2001)

Let V be a simple Harish-Chandra §-module with a nonzero action
of c. Then V ~ Ly ,(N), for some parabolic subalgebra p = @& u of
g and a simple cuspidal l-module N ~ ®D§;L()\,-) for some sets of
roots S;'s, p; € b* and simple \j-highest weight (;-modules L(\;),
where ;'s are simple components of | of type A and C.



o Let U, := Uy ®c k, where k is the algebraic closure of C(q).

Theorem (V.F., X.Liu, 2025)

The algebra Uq admits cuspidal modules if and only if the
underlying semisimple Lie algebra g consists of simple components
of type A, B or C (in contrast, for Uy(q) cuspidal modules of type
B do not exist).

Remark: The result holds not only for an indeterminate g but also
for any specialization g — &, where £ € C is transcendental.



Example (X.Liu)
Consider the quantum group Ugq(g) of type Bo(= G) with the

Cartan matrix
2 -1
=2 2 )

and generators E;, F;, Kiﬂ, i=1,2. Set g1 = g%, q» = q.
Define V as the vector space spanned by |my, ma) for
my, my € Z>g. There exists a Uq(g)-module structure on V:

—my+m —2my—1
Ki.lmy, mp) = q; 12 [my, my), Ko.lmy, mp) = \/—1q, 2 " |my, mp),

Q@ +

q2
Ey.|my, mp) = [mi]gy Imy —1,mp + 1), Ex.|my,mp) = v—17q[m2]q1\m17m2 —1),
-

Fr.Imy, ma) = [mplg Im1 +1,mp — 1), Fp.[my, mp) = [my, my+1).



Example (X.Liu)
Consider the quantum group Ugq(g) of type Bo(= G) with the

Cartan matrix
2 -1
@)=\ 2)

and generators E;, F;, Kiﬂ, i=1,2. Set g1 = g%, q» = q.
Define V as the vector space spanned by |my, ma) for
my, my € Z>g. There exists a Uq(g)-module structure on V:

—my+m —2my —1
Ki.lmy, mp) = q; 12 [my, my), Ko.lmy, mp) = \/—1q, 2 " |my, mp),
Q@2+ q2
Ey.|my, mp) = [mi]gy Imy —1,mp + 1), Ex.|my,mp) = v—17q[m2]q1\m17m2 —1),
2 — a2

Fr.Imy, ma) = [mplg Im1 +1,mp — 1), Fp.[my, mp) = [my, my+1).

This module has a nice property that it is infinite dimensional, the
“minimal” bounded weight module for Ug(g).



The quantum group Uq(§)

We denote by Ug(§) the quantum affine algebra associated to §: the associative
unital C(q'/?)-algebra with generators E;, Fi, Ko, 7T/2 D! for 0 < i < N,

a € @ and defining relations:
DD = DD = KuK_o = K_o K, — 71/27—1/2 _ 7—1/271/2 —1
[’Yil/Qv Uq(@)] = [Dv Kia] = [Kav Kﬁ] =0

(,yil/2)2 = Kis

Ki— K™
Eifj — FE = 6j—
qi — q;

KaEK-o = ¢ E, KoFiK_o = q “*F,
DED™' = ¢°"°E;, DF,D™'=q °°F

1—aj 1—a;
S ETTIBEY = Y (1R IRFY =0, i)
s=0 s=0

where qi = qd/‘Y [n],- = Z’:’:ZZ:, [n]' = [n],-[n — 1], e [2],[1]:, Ki = Koz,'y

EF = E/[s];! and F{) = F?/[s];!



Similar to the loop space realization of § we have the Drinfel'd realization: the
generators are x*, his, K= 42 DF for i€ Iy = {1,...,n}, r,s € Z and

ir i

s # 0 subject to the relations:
Di1D$1 _ K,-ilel — ,yil/2,y$1/2 -1

[y%, Ug(8)] = [D, K] = [Ki, Kj] = [Ki, his] =0
Dh;D™* = q"h;, DxED™' = q'xE

KinKiil = g (i) ﬁ[
1 Y=
[hic, hi] = Ok, —1 7 [kagli———
qi — q;
+ i
[hik7le 1= *[kaj] ’YJFM/2 j k+1
H(ailay)  + Hailay)  + + o+

+ + _
Xi k1% — 4 Xj Xik+1 — 4
1

(X, x;7 | = 6yﬁ(v“"’”w;,k+/ — A2 )

Xike Xj 141 = X 141 %Kik

i i
where

Zq/),ﬂ —Kexp< qi—q; )Zh,,z)

k=0 1>0

D dikz =K lexp ( —(@-a "> h,,,,z—’)
k=0

>0



and for i # j,

1—a;;
i
+ S xExE + _
Symlq ki Z( 1) [ } Kiky * " ik Xij Xipyy """ Xikl_al.j =0.
i

r=0

If we consider the following generating functions

¢I U) Z¢1Pu p, ’lﬁi(u) = Zwipuipv Xii(u) = ZXI'::U P

PEZL PEZL PEL

the defining relations become:

[6i(u), 8(v)] = [i(u), (V)] = 0
i)y (V)gi(w) (V) Tt = giuv ") g (v )
$i(u)xE(v)gi(u) ™t = gi(uv T2 EE ()

Gil)xt (V)wi(u) ™t = gi(vu T2 P (v)

(= 1) (u)x (v) = (1) (v)xE (u)

[x" (), %7 (V)] = 65(ai — a7 )(O(u/v)i(vr"?) = 8(uy/v)ei(ur''?))

where gjj(t) = gij,q(t) is the Taylor expansion at t = 0 of the function
(1% — 1)/t - o)) and 6(z) = 3y 2"



Conjecture [V.F., X.Liu, 2026]:

Let Vg be a simple Harish-Chandra Ug(g§)-module with a nonzero
action of ¢. Then Vg ~ Ly ,(Ng), for some parabolic subalgebra

p = [®u of g and a simple cuspidal Uy(l)-module N ~ @DL'Ly();)
for some sets of roots S;'s, u;j € h* and simple \;-highest wéight
li-modules L4(\;), where [;'s are simple components of [ of type A,
B and C.



Quantum imaginary Verma modules

For the natural closed partition
S={a+ndlaec At(g),n e Z}U{kdlk > 0}

consider the following subalgebras of Uq(§):
> U+( ) generated by x;f, hy for i € ly, k € Z and | > 0.
Ug (S) generated by x;, h; _ fori € o, k € Z and | > 0.

> US(S) generated by K1, 4*1/2 D+ for i € Iy.

Let P be the integral weight lattice of g, A € P. A weight module
V' of Ug(g) is called an S-highest weight module with highest
weight X if there is a non zero vector v € V of weight A such that
utv =0 forall ut € UF(S)\ C(g"/?) and V = Uq(§)v



Consider the Borel subalgebra B, of U,(g) generated by

U (S) U U3(@), and a one dimensional Bg-module C(g'/?), with a
generator 1, on which U (S) acts trivially and KF1 = gt 1,
i€ lp, 7121 = gM9)/21 and DF11 = gFMD1.

The imaginary Verma module M,(\) of weight A € P is defined
as

Mg(A) = Mgs(N) := Uq(8) @8, C(q"/?)x



Consider the Borel subalgebra B, of U,(g) generated by

U (S) U U3(@), and a one dimensional Bg-module C(g'/?), with a
generator 1, on which U (S) acts trivially and KF1 = gt 1,
i€ lp, 7121 = gM9)/21 and DF11 = gFMD1.

The imaginary Verma module M,(\) of weight A € P is defined
as

Mg(A) = Mgs(N) := Uq(8) @8, C(q"/?)x

Theorem [F., Grishkov, Melville, 2005]
Mg(A) is irreducible if and only if A(c) # 0.



e Let A(c) = 0. Denote by J9(X) the left ideal of U,(§) generated
by x:t, hy for i € lo,k,1 € Z,1 # 0 and K=t — g*Ah) A+1/2 1
and D¥! — gFMd) . Set

Mq(A) = Uq(8)/47(N)

It is a quotient of Mg()), we call it reduced imaginary Verma
module.



e Let A(c) = 0. Denote by J9(X) the left ideal of U,(§) generated
by x:t, hy for i € lo,k,1 € Z,1 # 0 and K=t — g*Ah) A+1/2 1
and D¥! — gFMd) . Set

Mq(A) = Uq(8)/47(N)

It is a quotient of Mg()), we call it reduced imaginary Verma
module.

Theorem [F., Grishkov, Melville]
Let A\ € P such that A\(c) = 0. Then
> M,()\) is irreducible if and only if A(h;) # 0 for all i € .

> M,(\) = @k,lz C(q"?)x; ), -+ Xi 4 Va, Where vy stands for
1s---5Kr
the generator of the module.

oU, = U, (S) ®@ UY(S) ® UF(S) and a PBW basis



Kashiwara algebra

e Consider the subalgebra N~ of Uy(§) generated by /2 and X

forl € Z, i€ .

Set P = xi (1) -+ x; (k)

—jtsed — - - -
P?l ) :Xh(Vl)"‘)9'/71(‘/1171))(]/+1(VJ'/+1)'”XJ'k(Vk)
and denote

-1
Gir = 6iji | [ &rima2(vin/v1), Gi1 =i
m=1



e We define operators Q;(k) : Ny —= N for k € Z in terms of
the generating functions Q;(u) = 3", Qi(Nu~":

Pﬂ’ Jk ZG Ph’ (u/viy),

Qi(u)(1) = 0. Also consider left multiplication operators
X Nq_ *>j\/’q_. The Q-operators and the x™-operators satisfy
the identities:

q(a"|0‘f')7§2j(m)xijn_~_1 - Qi(m+1)x, =
(g1 = 1)6;16m, -1+ X, 1 Qj(m) — ¢ x; Qi(m + 1),

and

Qj(k)x,.,_n = (5,-1-6;(,,,,,7/‘ + Zg,-%qfl(r)xi’_mﬂﬂj(k —r)y".

r>0



o Define the Kashiwara algebra KCg: the C(g*/?)-algebra with
generators Q;(m), x; (n),y*'/2 for m,n € Z, 1 < i,j < N, where
~E1/2 are central, v¥1/24F1/2 = 1 and

q(aila")vﬂj(m)x{nﬂ —(m+1)x, =

(g1 = 1)80m,—n-1 + 7 512 (m) — ¢ Qy(m + 1)

gl Q;(k + 1)) — (NQu(k +1) =
Qi(k)Q(1+ 1) — gl Q;(1 + 1)Q;(k)

L U (v Iy
Xikg1Xp — 9 Xy X g1 = TIXy X 111 T X 11Xk



Proposition

For a quantum affine algebra associated to any untwisted affine Lie
algebra, there exists a unique non-degenerate symmetric form

(—, —) defined on N satisfying (x; a, b) = (a,;(—j)b) and

(1,1) = 1. Moreover, N is a simple left C;-module such that

N

Ny = Ka/ (303 KaQl())

i=1 keZ

Remark: 1) For Lie algebras of type ADE the result was shown by
Cox, F., Misra, 2015.

2) This allows to define the Kashiwara-like operators on imaginary
Verma modules.



e We say that a monomial x;, ---Xx;, is ordered if
n+ki>i+k > >0 +k

There exists a product, denoted *, such that x; *xf is ordered (for

n

ordered monomials: x

ik Xk = Xk K *Xf/k/)

We define the operator )N(an on x—monomials as a x—left

multiplication. We also define the operator Q;(m) on x—monomials
inductively:

Qi(m)(xy) = 6ij6—m.k

Qi(m)((xi:kl * ( Tk (Xil_—lklfl *Xi/_k/) o ))) =

Siin Oy (X * (% (X 4, % Xip) )

mkq _ _ _ _
+3 70" g g1 (1) (5 g 2 U(m—r) (i x (- % (6 %0 )
r>0



e Define the action of X, and Qi(m) on My(\):

)N(.I:Tl(xi:kl o .Xir_kr V)‘) - )?J'Tn(xl;h*‘ ’ '*Xir_kr V)‘) (XJm*X’lkl )*' ’ ‘*Xir_kr 2

Q,-(m)(xil_k1 * oo *xi/_k/ Vi)

= 5ii15—m7klxi2k2 Koo *Xf/k/ Vi

mk]_
+Zq g 1,9 )Xl1 m1+l’*Q( _r)(XIZ_k2*'”*Xi,_k,)V/\
r>0
o Set (x;, %) == (1,Qi(=m)(x;,)) € Z[q]



Crystal-like basis

Let Ag = (C[ql/Q](q) the ring of rational functions in g'/2 regular at
0. Let ¥ = {pu—ka+ndlp € P,ac€ AT(g),k>0,neZ}U{u}.

e Let M be a Uqy(§)-module. We call a free Ag-submodule £ of M
an imaginary crystal lattice of M if the following holds:

1. C(qY?) @p, L= M.

2. LZ®yexLyand Ly = LN M,.

3. Qu(m)L CLand %, LC L, fori€land me Z.



Crystal-like basis

Let Ag = (C[ql/Q](q) the ring of rational functions in g'/2 regular at
0. Let ¥ = {pu—ka+ndlp € P,ac€ AT(g),k>0,neZ}U{u}.

e Let M be a Uqy(§)-module. We call a free Ag-submodule £ of M
an imaginary crystal lattice of M if the following holds:

1. C(qY?) @p, L= M.

2. LZ®yexLyand Ly = LN M,.

3. Qu(m)L CLand %, LC L, fori€land me Z.
e The Ag-module

L(A) = @ AoX; T Xe e VA
k>0
itmy>- 2>+ my
f/,m/EZ
is an imaginary crystal lattice of the irreducible reduced imaginary
Verma module Mg(\). Moreover,

L) = {u € My(\)|{u, L(N)) C Ao}



e An imaginary (N:rysta/ base of an irreducible reduced imaginary
Verma module Mg(A) is a pair (£, B) satisfying:

1. L is an imaginary crystal lattice of M.

2. Bis a C-basis of L/qL = C @y, L.

3. B=UuexB, where B, =BN(L,/qL,).

4. %-B C £BU{0} and Q;(m)B c +BU {0}.

5. FormeZand i€ lyif Qi(—m)b#0and %, b0 for be B,

then X, Q;(—m)b = Q;(—m)X;_b.



e An imaginary (N:rysta/ base of an irreducible reduced imaginary
Verma module Mg(A) is a pair (£, B) satisfying:

1. L is an imaginary crystal lattice of M.

2. Bis a C-basis of L/qL = C @y, L.

3. B=UuexB, where B, =BN(L,/qL,).

4. %-B C £BU{0} and Q;(m)B c +BU {0}.

5. FormeZand i€ lyif Qi(—m)b#0and %, b0 for be B,

then X, Q;(—m)b = Q;(—m)X;_b.

e For \ € h* define

B()\)—{x,-l_ml-~ Xiom Va + aL(A) € L(N)/qL(A)

my,....mg € Z,i1, ..., 0x €I

n+my > >+ my, }



Theorem [Arias, V.F., Misra, 2024]

If X € h* such that A\(c) = 0 and A(h;) # 0 for all i € Iy, then
(L(X), B(X)) is an imaginary crystal base for Mg ().



Theorem [Arias, V.F., Misra, 2024]

If X € h* such that A\(c) = 0 and A(h;) # 0 for all i € Iy, then
(L(X), B(X)) is an imaginary crystal base for Mg ().

o Let hr, ={Nc P|X(c)=0,A(h;)#0,i€ lp}. Consider the
category 07 of Ug(§)-modules M such that

red,im
1. M is a weight module with weights in Gfed.

2. Forany i € Iy and any n € Z, xﬂn' is locally nilpotent.
3. M is Gg-compatible.

We have in OF

red,im

(Arias, V.F., Oliveira, 2025):

(1) If A\, € b*,, then Ext}% ,-m("hq“)’ Mq(1)) = 0.

(2) If M is an irreducible module in the category OF , . | then
M = M,y(\) for some \ € Gfed. Moreover, if N is an arbitrary
object of OF, ;. then N = @/\ieated M(X;), for some Mis.



Theorem [Arias, V.F., Misra, 2024]

The operators X, and Q,-(m) are well defined on objects of the

category OF | .. Every object of the category has an imaginary
crystal basis.

Remark: For g = s/(2) the result was shown by Cox, F., Misra,
2017.



Thank you!



