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One of the two classes of monlinear hyperbolic system of partial differential equations considered

in the present paper consists of equations of the form"

wp=[uol, v, = [v,ul, 1)
. For
the well-known integrable principal chiral model
w=[wol, vy =[uel, 2)
the brackets [+, -] and [+, -]1 coincide neglecting the sign.

It turns out that if the Lie algebra with bracket [-, «] is semisimple and the second bracket is

compatible with the first, then equation (1) is integrable.
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Two algebraic structures of the same type (V, 1) and (V/, %) with
the same underlying vector space are said to be compatible if any
linear combination of *; and %5 is again a product of the same type.

Let g = (g,[—, —]) and g = (9,{—, —}) be two Lie algebras over a
field K defined on the same vector space g. Then the following
conditions are equivalent:

° (g,[—,—1x.) is a Lie algebra for all \, \" € K, where
[, ylan = Ayl + XN {x,y} forall x,y € g;
e (g,[—,—]) is a Lie algebra, where [x,y] = [x, y] + {x, y} for

a” X,y c g, D

@ The following identity (named the mixed Jacobi identity) holds
forall x,y,z € g:

, {Ix,y], 2} +{ly, 2], x} + {[z.x] , ¥}
+ [{x, ¥}, 2]+ {y, 2}, x] + [{z.x},y] = 0.
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Definition
A compatible Lie algebra is a triple (g,[—, —],{—,—}), where
g=(9,[—.—]) and g = (g,{—, —}) are Lie algebras satisfying any

of the the previous three equivalent « equivalent conditions.
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Example (A not so trivial example)

Let g be a three-dimensional vector space generated by x. y. z.

Define the following products:

[x,y] = z, and EES/ Bt 6

{x,y} =z, {z,x} = 2x, {z,y} = —2y. /JL

We check the following
{lx;,vl, 2} +{ly. 2. x} + {[z.x] .y} = {z, 2} + {0, x} + {0, y}

— [k
[{x, v}, 2]+ Uy, 2}, x] + [{z,x}, y] = [z, 2] + [2y, ] + [2x, ]
=0-2z4+2z=0.

The mixed Jacobi identity, being the sum of the two expressions
above, is equal to zero.
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Definition

The centre of a compatible Lie algebra g, denoted by Z(g), is the

ideal defined by
Z(g) = Z(g) N Z(g).

A subalgebra of a compatible Lie algebra g is a vector subspace of g [ 4, yl} < Z
which is closed for both products. L%
An ideal i of a compatible Lie algebra g is a vector subspace such

1.0 F

e Kernels of homomorphisms are ideals of the domain;

Z(g)={x€g|[xyl=0={xy} Vyeg

@ Images of homomorphisms are subalgebras of the codomain;
@ Quotients are well defined;

@ The usual isomorphism theorems hold.
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Solvable and Semisimple (compatible) Lie algebras

Recall the commutator of sublagebras

[s,t] = spang ([s, t],{s,t} |ses,tet).~ f/\ﬂ(x © {A’t}

We may define the derived series
S —

9(0)29(1)2...29(")3...

= ?

where _ -
9@ = g and g1 = [g), g] .

Each term of this series is an ideal of the previous one (but not

necessarily of g) and each quotient is abelian.

A compatible Lie algebra is said to be solvable if g{") = 0 for some

i € N. L
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Definition

Let g be a finite dimensional compatible Lie algebra. Its largest

solvable ideal is called its radical and is denoted by rad(g).
S

Definition

We say that a compatible Lie algebra g is semisimele if
rad(g) = {0}.

@ A simple compatible Lie algebra is semisimple;
@ For any compatible Lie algebra g, the compatible Lie algebra

g/rad(g) is semisimple.
e _
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Suppose the base field has characteristic 0.

Theorem (Levi’'s Theorem)

Every Lie algebra g is the semidirect product of a solvable ideal and
a semisimple subalgebra

g~ s x rad(g),

where s ~ g/rad(g).
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Let g be the compatible Lie algebra of dimension 3 defined by the
following relations on the basis {x, y. z}:

[X,y]=X+Z, [)’:Z]=—Z,
{x,y} =y, {x,z} = z.
We have rad(g) = Cz and g/rad(g) ~ CL3 4.

But g has no subalgebra isomorphic to CL> 4, so Levi's
. G
Theorem fails!
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Let g be the compatible Lie algebra of dumensmn 3 defined by the
following relations on the basis {x.y.z}:

[x,y] = x, [x, z] = x, [y, z] = x,

{x,y}zy, {X,Z}=y, {yez}=

This algebra has a single nontrivial ideal isomorphic to CL 4.

It is thus semisimple but it cannot be decomposed into a direct sum
of simple ideals.
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Definition
A representation of a compatible Lie algebra g is a triple (V/, p, p),

where
e (V,p) is a representation of (g,[—, —]),

@ (V,pu) is a representation of (g,{—, —}), and
o (V,p+ ) is a representation of (g, [—, —])-

In other words,
p ([x,y]) = p(x)p(y) — p(y)p(x).

p({x, 1) = u(x)ply) — ply)u(x).

p (1%, y 1)+ (lx, 1) = p()uly) =ply) p(x) +u(x)p(y) = p(y)u(x).

= f{l(l\,/»(ﬂ] 4 D,m’p(y):( X0 (V)
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Let CLy 4 be the compatible Lie algebra of dimension 2 with basis

elements x and y and products
ALTHOGH  WE HAp

x.y]|=x, {xy}=y. Sery  oME AL ReA0Y
It . S AS (} ) ed, o )
is the smallest simple compatible Lie algebra.
TS %e?@"SH["’"T =/

It is a counterexample to Weyl's theorem! oF ( 9 L1, ‘[ ).

0 1 -1 0

1 0 0 1

p(x) = (0 0) v mly) = (0 0) °
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Compatible Lie algebras are interesting

p(x)  ply) plx)  ply)

INDECOMPOSABLE BUT NOT SIMPLE.
SO WEYL'S THEOREM FAILS.



Finite-dimensional representations of sl







Let \/ be an irreducible finite-dimensional line representation of
CL 4 of dimension n+ 1. Then the coefficients o, B;, 0; and ~;
satisfy the following:

ai10; = (i+1)(i—n), Bi=pBo+i, Bi+vi=—-n+2i.
Moreover, the isomorphism class only depends on the value of 3.

We name each of these isomorphism classes V/(n, 3), /’5 <cTF .

p(X)vi = ajvi—1, p(x)vi = Bivi,
p(y)vi =ivi, py)vi = diviya,
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Example: V(4,3)® V(3,5
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The vector subspace generated by (p(x)-2-px)) (va © v3) is a
subrepresentation of V/(4,3) @ V/(3, ") isomorphic to V(7,5 + ().

£ \/(rvm,/»)@) Vim.p')

S 1AV @(%)691 + 1® (x))K (\TM ® \r;) -. Kzo}

T = SvBRAEDP.- TS R{H= —+6
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Theorem (Clebsch-Gordan formula)

We have that

rrn Comy )
AT

V(m,B) @ V(n,B)~ @ V(m+n—2iB+p +i).

i=0
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[xy] = X
[xyf = x+ <y
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