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g - simple complex finite-dimensional Lie algebra
b - a Cartan subalgebra

Weight modules: V = @B Vi.
Aep*
o All finite dimensional modules are weight modules. Simple fin-dim weight modules are
tops of Verma-modules.

¢ The central character of any simple module is the character of a highest weight module.

M weight module = Resggg;M is a torsion module.

Idea: What can be said about modules M where ResggggM is free?



€, = {M € U(g)-Mod | Res ) M is free of rank n}

Cr = {M € U(g)-Mod | Resggg;M is finitely generated}



Previous work

¢, ={M € U(g)-Mod | Res,
@,rg:{/\/IGU()Mod\ResU

;l\/l is free of rank n}

U(s
U(h
; is finitely generated}
Classification of €; for simple complex fin.dim. Lie algebras (N. 2015-2016)
Construction and classification for sl, and sp,
Completion of classification via Weighting functors (idea by O. Mathieu)

Simple sly-modules in &, for arbitrary rank n (F. Martin, C. Prieto 2017)

Tensor modules - sl, modules of arbitrary rank (D. Grantcharov, K. Nguyen 2020)

Generalizations of €, for related algebras:
Virasoro algebras (G. Liu, K. Zhao), Conformal algebras (Q. Xie et al.), The Witt algebra (H. Tan,
K. Zhao), Algebras of differential operators (S. Gao et al.), Heisenberg-Virasoro algebras (H. Chen,
X. Guo), Super Lie algebras (Y. Cai, K. Zhao), Kac-Moody algebras (K. Zhao et al.), Smith algebras
(V. Futorny, S. Lopes, E. Mendonga)

U(b)-finite modules and weighting functors (E. Mendonga 2025)

Classification of scalar type sl,-modules in € (D. Grantcharov, K. Nguyen, K. Zhao 2026)
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A:h— Clifts to A : U(h) — C.

W : U(g)-Mod — U(g)-Mod M — €D M/ker(A\)M
AeC

with natural h-action and where root vectors act by

Xo - (M +ker(X)) := (xo - m) + ker(\ + )



W(M) is a weight module

© M is a weight module & W(M) ~ M

WoW ~W

°* Me¢€, = W(M)is a coherent family of degree n =—> g is of type A or C.



slp = span(x, h,y). Let M = U(h) = C[h]. Suppose there is an sl action on M.
Set p(h) :=x-1and gq(h) ==y - 1.
Then x - f(h) = f(h—2)p(h) and y - f(h) = f(h+ 2)q(h).



slp = span(x, h,y). Let M = U(h) = C[h]. Suppose there is an sl action on M.

Set p(h) :=x-1and gq(h) ==y - 1.

Then x - f(h) = f(h—2)p(h) and y - f(h) = f(h+ 2)q(h).
x-y-f(h)—y-x-f(h)=h-f(h) < p(h)g(h—2)—q(h)p(h+2) = h
& g(h) — o (g(h) = h where g(k) = p(k)a(h — 2),o(F() = F(h - 2)

e g(h) = —3 (R —2h+ )= (h+b)(h—b-2) beC

& p(h)a(h—2) =~ (h+ b)(h— b —2)
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x-f(h)=f(h—2)and y-f(h)=—3(h+b+2)(h—b)f(h+2)

x - f(h)=(h+ b)f(h—2) and y - f(h) = —%(h— b)f(h+2)

x-f(h)y=(h+b)(h—b—2)f(h—2) and y - f(h) = —1f(h+2)

M(1) and M((h+ b)(h— b — 2)) are always simple. M(h+ b) is simple iff b ¢ N.
For be N: 0 = M(h—b—2) — M(h+b) — L(b) =0
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Definition (V. Bavula 1992)
Let R be a ring, a € Z(R) a central element, and ¢ € Aut(R) a ring automorphism. The
corresponding Generalized Weyl Algebra A = R(o, a) is the ring generated by R and two

variables x and y with relations

xo(r)=rx  yr=o0(r)y xy=a yx=o(a)




Definition (V. Bavula 1992)
Let R be a ring, a € Z(R) a central element, and ¢ € Aut(R) a ring automorphism. The
corresponding Generalized Weyl Algebra A = R(o, a) is the ring generated by R and two

variables x and y with relations

xo(r)=rx  yr=o0(r)y xy=a yx=o(a)

Variations:
© Higher rank GWAs (Bavula)
* Weak GWAs (Mazorchuk-Turowska)
¢ Twisted GWAs (Lu, Mazorchuk, Zhao)



A is Z-graded
A'is a free R-module with basis {1,x",y" | n € Z~o}
¢ Ais a (noetherian) domain iff R is a (noetherian) domain and a # 0.
© Ais simple if and only if
P ais not a zero divisor
R has no nontrivial o-stable ideals

>
» R=Ra+ Ro"(a) forall n >0
» ¢" is not inner for any n >0



A is Z-graded
A'is a free R-module with basis {1,x",y" | n € Z~o}
¢ Ais a (noetherian) domain iff R is a (noetherian) domain and a # 0.
© Ais simple if and only if
P ais not a zero divisor
R has no nontrivial o-stable ideals

>
» R=Ra+ Ro"(a) forall n >0
» ¢" is not inner for any n >0

For the rest of this talk consider a GWA A = R(o, a) where R be a UFD and a # 0.



Algebra R(o, a) Ring R Automorphism o Element 2
Classical Weyl Algebra k[h] oh)=h-1 h

Quantum torus k[t,t71 o(t) = qt t

Quantum Weyl Algebra k[h] o(h)=qgh—1 h

U(sly) C[h, c] oh)=h—-1,0(c)=c c—h(h+1)
U(sl,)/central action C[h] o(hy=h-1 c—h(h+1)
Quantum sl, k[s*1 1] o(t) = t+ ==,0(s) =q s t

Smith algebras/central action  k[h] a(h)=h-1 p(h) € k[h]
Gen. Down-Up algebras k[h, t] o(h) = f(h),o(t) = qt + g(h) t

GL4(2) k[b,c,A* o:b+ qlb,cr g lc,A A A+ gbc
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V € R(o,a)-Mod. For each maximal ideal m < R we define the corresponding weight space:

Vo ={veV|mv=0}

The support of V is the set of weights: supp(V) = {m € Max(R) | Vi, # 0}.

V is called a weight module if V = €B Vin.
méesupp(V)

Verma-like construction

Suppose m € Max(R) with infinite o-orbit: |0Z(m)| = co, and suppose that a € m. Let R/m
be the R(y)-module with natural R-action and trivial y-action. Set

M(m) = R(0, a) ®p(y) R/m.

Then M(m) has a unique maximal sub and corresponding simple quotient simple quotient

L(m).
e T e e T




Visualization of a simple weight module V = L(m) with finite support:

R R R R R
N T o T o e Y
— —_— —_— —_—
O [Val o [Vorim || Vorimy| = | Vostm) || Vos(m) 0
y y y y y
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For a GWA R(o, a), consider the full subcategories of R(o, a)-Mod:

Cr = {M € R(0, a)-Mod | M is finitely generated over R}.

This is an abelian category.




Definition
For a GWA R(o, a), consider the full subcategories of R(o, a)-Mod:

Cr = {M € R(0, a)-Mod | M is finitely generated over R}.
This is an abelian category. We also define also €, C €

¢, ={M € R(o,a)-Mod | M = R™},




Definition
Let R(c, a) be a GWA over a UFD R. Let p|a be divisor, and define g = o(a/p). We define a
corresponding R(o, a)-module V,, which as a set (and R-module) is R and where the action of

x and y is given by:

x-r=a Xr)p and y-r=oa(r)q.




¢ Any module in €; is isomorphic to some V.
¢ For u e R%, Vp ~ Vu—lpo.—l(u)
* If o fixes units V, ~ Vy & p=p

* V, and V,, are related via twisting by automorphisms: V,, ~ V¢, where 7, € Aut(A)
sends r — r, X — ux, y — yu_l.

© For R = F[t], the nonproper divisor p = £a for £ € F produces a class of
Whittaker-modules which were previously studied by Benkart and Ondrus in 2008.



From now on, let R be a principal ideal domain.
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x-g C(g) < glo~!(g)p and similarly, glo(g)q.
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From now on, let R be a principal ideal domain.

Let W be a submodule of the R(c, a)-module Vj,. Since R is a PID we have W = (g).
x-g C(g) < glo~!(g)p and similarly, glo(g)q.

So if g =[] gi is a complete factorization, we get
gilo™'(g)orglp and  gilo(g) or gilg.

So if g is a chain product g = [[!_y o'(z), this gives z|q and o"(z)|p
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Write Irr(R) for the set of equivalence classes of irreducible elements of R modulo associates.
(o) acts on Irr(R). Let Q be the set of orbits under this action.
We can split elements of R according to o-orbits. For r € R we have

r= H r.,  where all irreducible factors of r, lies in w.

Then (g) C V, is a R(o, a)-submodule if and only if (g,,) C Vj, is a R(o, a,)-submodule for
each w € Q.



Assume that all factors of a lie in a single infinite o-orbit.
Then the maximal submodules of V), have form W = (g) where g is a chain-product

e=1[)
i=0

where z|q and ¢"(z)|p, and such that the factors in the middle of the chain divides neither p
nor g.
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We note that x acts on the R-generator g of (g) as
n—1

x-g=poig)=p- [[ 0'(2) = oo H2)e
=21 a"(2)




Assume that all factors of a lie in a single infinite o-orbit.
Then the maximal submodules of V), have form W = (g) where g is a chain-product

n
g=][')
i=0
where z|g and ¢"(z)|p, and such that the factors in the middle of the chain divides neither p
nor q.
We note that x acts on the R-generator g of (g) as
n—1

x-g=poig)=p- [[ 0'(2) = oo H2)e
=21 a"(2)

so (g) ~ V,y where p' = U"‘Ez)a_l(z).
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Assume that o-orbits are infinite. Let (g) be a maximal submodule of V,,, with
g =110 0'(2) and z|q and " (z)]p.
As R-modules we have

Vo/(8) = R/(z) ® R/(0(2)) ©--- @ R/{0"(2)),



Assume that o-orbits are infinite. Let (g) be a maximal submodule of V,,, with
g =110 0'(2) and z|q and " (z)]p.
As R-modules we have

Vo/(8) = R/(z) ® R/(0(2)) ©--- @ R/{0"(2)),

This is in fact isomorphic to the simple weight module L(m) for m = (0"(z)).



The length of the module V,, is 14-the number of flips in our diagram. When a is square free
this is equal to the number of pairs (p;, g;) of irreducible factors of p and q respectively where

pi € o™(qi).



The length of the module V,, is 14-the number of flips in our diagram. When a is square free
this is equal to the number of pairs (p;, g;) of irreducible factors of p and q respectively where

pi € o™(qi).

We get a bound

ten(V,) < (“E)2 44

and €; a finite length category.



Grothendieck group Ko(€): abelian group generated by iso-classes of modules in € with
relations

[A] + [C] = [B] for each short exact sequence 0—+A— B — C — 0.



Grothendieck group Ko(€): abelian group generated by iso-classes of modules in € with
relations

[A] + [C] = [B] for each short exact sequence 0—+A— B — C — 0.

Assume that all o-orbits are infinite. Then in Ko(Cs) we have

[Vol = [Va] + D ulL(m)

acm

where Vj = soc(V},) is simple, the occurring L(m) have finite support, and the coefficients
nm € Ng can be expressed combinatorially.
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For a fixed b € C, let R = C[h], o(f(h)) = f(h—2), and a= —%(h+ b)(h— b+2).
Then the GWA A = R(o, a) is isomporphic to U(slp)/(0 — b(b — 2)).
Since a has two irreducible factors there are essentially 4 modules (up to unit twists):

Vs Vibtb)(h—b+2)> Vibtb)» Vih—bt2)}-
Their submodule structure depends on the o-orbits, and we note that
ok(h+b)=h—b+2ch+b—-2k=h—b+2sk=b—1

So all four modules are simple unless b € Z, and for b € N we have a composition series
{0} € V(hyp—2) C V(h—p) Where the top is the b-dimensional simple weight module.



Suppose that there is z € Irr(R) such that 0™(z) = z.

Take g = [175' 0(2). Then o(g) = g. So (g) a submodule.

We have an infinite chain of submodules
~c@)clgclecV,

So no V), has finite length.
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So in this case we get an infinite 3-periodic "composition series”

-“CVPCVPHCVPIC VpC Vp//C Vp/CVp



So in this case we get an infinite 3-periodic "composition series”
e CVpCVp CVpyC VTV CVpyCV,

In the general case we get a finite set of simple weight modules appearing as subquotients of
Vp.



Let A= R(o,a) where R is a UFD. Define
W : A-Mod — A-Mod

where W(M) = @menax(r) M/mM with natural R-action, and

x-(m+mM) :=(x-m)+o X (@mM y-(m+mM):=(y-m)+o(mM



Let A= R(o,a) where R is a UFD. Define
W : A-Mod — A-Mod

where W(M) = @menax(r) M/mM with natural R-action, and

x-(m+mM) :=(x-m)+o X (@mM y-(m+mM):=(y-m)+o(mM

© W(M) is a weight module

© M is a weight module & W(M) ~ M

*cWoWx~W

* Mec¢, = W(M)is a weight-module analogous to a coherent family.
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Let A= R(o,a) be a GWA over a PID R, and pick P € Mat,(R) with det(P)|a. Define
Q = o(aP71) € Mat,(R). Then Vp = R" becomes an A-module under the actions

x-v=Po}v) y-v=Qo(v)

where v =(r,..., r,,)T and automorphisms apply coordinate-wise to v.



Let A= R(o,a) be a GWA over a PID R, and pick P € Mat,(R) with det(P)|a. Define
Q = o(aP71) € Mat,(R). Then Vp = R" becomes an A-module under the actions

x-v=Po}v) y-v=Qo(v)
where v =(r,..., r,,)T and automorphisms apply coordinate-wise to v.

¢ Any module in M € &, is isomorphic to some Vp.
° Vp~ Vp iff P/ = S_IPO'_I(S) for some S € GL,,(R)



Given a module Vp we can express
P=SDT
with S, T € GL,(R), D = diag(di,...,dn) where di|di+1. Write SNF(P) = (d1,. .., dn).
¢ SNF is an isomorphism invariant
¢ SNF =(1,---,1) in Martin-Prieto’s paper
¢ For R(o,a) ~ U(slz) and SNF(P) = (1, 1), classification of Vp in
Grantcharov-Nguyen-Zhao's paper



Let A= R(o,a) be a GWA over a PID R. Suppose all o-orbits are infinite. Let ap be an
irreducible divisor of a. Let V,(ap) = R". Define an action of R(o, a) on V,(ag) by

X - rej = a_l(r)e,-+1 fori<n, and x - re, = aoa_l(r)el

y-rei=o(ar)ej_y fori>1, and y-re; = a(;—z)en




Let A= R(o,a) be a GWA over a PID R. Suppose all o-orbits are infinite. Let ap be an
irreducible divisor of a. Let V,(ap) = R". Define an action of R(o, a) on V,(ag) by

X - rej = a_l(r)e,-+1 fori<n, and x - re, = aoa_l(r)el

y-rei=o(ar)ej_y fori>1, and y-re; = a(;—z)en

Then V,(ap) is a simple R(o, a)-module which is free of rank n over R.
V,,(ao) = Vp with SNF(P) = (1, oL a()).




Vi(a0) = Vp with P and Q = o(aP~!) given by

00 0 0 a 0 o@ 0 0 0
10 0 0 0 0 0 o(a O 0
N R 0 0 o | 0 0 0 o 0
“lo o 1 0 0 - 5 _—
L : 0 0 0 0 o(a)
00 0 1 0 o(2) 0 0 0



Vi(a0) = Vp with P and Q = o(aP~!) given by

00 0 0 a 0 o@ 0 0 0
10 0 0 0 0 0 o(a O 0
N R 0 0 o | 0 0 0 o 0
o 0 1 0 O o : .
S 0 0 0 0 o(a)
00 0 -+ 10 o(2) 0 0 - 0 0

Note that P = Comp(t" — ap), the companion matrix of p(t) = t" — ap € R[t].



x" acts diagonally on Vp:
ao aoa_"(vl)
(T_l(ao) n J_l(ao)O'_"(Vz)
x"v= _ o "(v) = )

o~ ("" 1) (ap) o~ ("D (a0)o"(vy)

Let 0# w=(wi,...,wp) €ER", let W=A w.



x" acts diagonally on Vp:

o _1900_"(_\/,})
o o~ (o) ) () = o (30):U (v2)
o= ("1 (a0) o= ("1 (a0)o~"(vn)

Let 0# w=(wi,...,wp) €ER", let W=A w.
Suppose wi # 0. Then W 5w/ = wj - (x" - w) — o~ "(wx)o~ kD (ap) - w has one more zero
than w.



x" acts diagonally on Vp:

o _1900_"(_\/,})
oy o~ (o) ) () = o (30):U (v2)
o= ("1 (a0) o= ("1 (a0)o~"(vn)

Let 0#w = (wy,...,wp) €ER", let W=A w.

Suppose wi # 0. Then W 5w/ = wj - (x" - w) — o~ "(wx)o~ kD (ap) - w has one more zero
than w.

o= rege W.



We have
A=R(0,3) D (1,x",y") ~ R(c",a0(a) - -- 0" }(a)) = A’

Then Re; is a R-free module of rank 1 over the GWA A’. By simplicity-results in the rank 1
case, Re; is simple, so ¢; € W for all i and W = R".



Let sl, be Lie algebra with basis {x, y, h} over a field k of characteristic 0, and with relations
[h,x] = 2x, [h,y] = =2y, [x,y] = h. For b € K\Z and n € N, let Vi) = k[t]" and define an
action of sl on V,Sb) by

[ (h)] [hfi(h)] ()] 0O 0 0 --- 0 h—»b [f1(h—2)7
f2(h) hfZ(h) f2(h) 1 0 0 0 0 f2(h - 2)
: : : 01 0 0 o :

h = x “lo o 1 0 o0
OB () ) 00 0 10 1 [f(h-2).
[f1(h)] 0 9 0o o ... o] [A(h+2)]

h(h) o 06 o0 of [R(h+2)
. _ 1|0 00 0
d -4 : Co o
: 0 00 -~ 0 6 :
_fn(h)_ t+b 0 0O .- 0 0 _fn(h+2)_

where 6 := (h— b+ 2)(h+ b) = h> + 2h — b(b — 2).

. . b) . . . .
Under this action, V,\*) is a simple sl,-module which is free of rank n over the subalgebra U(h).
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For b € k\Z, let Vi?) = k[h] @ k[h] and define an action of sl on VA?) by

h. fi(h)| _ | hfu(h) .. fi(t)| |0 h—b| |A(h—2)
f(h)| | hf2(h) () |1 0 ||R(h-2)
. fith)| _ 1| 0 (h—b+2)(h+b)
Y leh)| T 4 |h+b 0
Under this action, V2(b) is a simple slo-module which is free of rank 2 over the subalgebra

u(bh).

fi(h+2)
f(h+ 2)
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¢ Simplicity of V,, when R is a UFD

¢ Classification /simplicity for modules of rank n over R
¢ Rank n GWAs

° Twisted GWAs

© Weak GWAs

¢ Other ring-extension: Ore extensions, ambiskew polynomial rings, skew group rings,
crossed product algebras, smash products

¢ Weighting functors on €,



Thanks!
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